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Abstract
Generalized frames (g-frames) are natural generalization of standard frames whereas generalized
frames for operators (Θ-g-frames) are g-frames in which the lower frame inequality is controlled
by a linear bounded operator Θ on a Hilbert space. In this article, we study weaving properties
of g-frames and Θ-g-frames. We present some sufficient conditions for Θ-g-frames to be woven.
It is shown that the family of Θ-g-frames obtained by applying bounded operators (whose adjoint
operator is surjective) to a family of weaving Θ-g-frames is woven. A class of weaving generalized
frames is established by generalized frame operator. A Paley-Weiner type perturbation result for
weaving Θ-g-frames is presented. Finally, we show that weaving g-Riesz bases need not behave
same as weaving ordinary Riesz bases.
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1. Introduction
The concept of frames was originally introduced by Duffin and Schaeffer in [1]. Now a days
frames play a very important role in many fields like processing and transmission of signals, image
processing, communication, and many more areas [2, 3]. In [4], Gaˇvruta introduced the concept of
K-frames. In K-frames, the lower frame inequality is controlled by a bounded linear operator K on
a Hilbert space. Sun [5] gave another generalization of ordinary frames by introducing generalized
frames which are simply called g-frames. A g-frame is a sequence of bounded linear operators
while an ordinary frame is a sequence of vectors in a Hilbert space. Then Asgrai and Rahimi [6]
introduced the notion of Θ-g-frames by using the concept of K-frames and g-frames. A Θ-g-frame
is a sequence of bounded linear operators where the lower frame inequality is controlled by Θ.
Suppose H is a separable Hilbert space with an inner product 〈., .〉 and norm ‖f‖ =
√
〈f, f〉.
Let M be a countable set. Then {fm}m∈M ⊆ H is called a frame (or ordinary frame) for H if
∗Corresponding author. aniruddha.sam@gmail.com, aniruddha.samanta@iitkgp.ac.in
∗∗dpmmehra@gmail.com, deepshikha@ssmahavidyalaya.edu.in
Preprint submitted to Elsevier
there exist positive constants A and B such that for any f ∈ H,
A‖f‖2 ≤
∑
m∈M
|〈f, fm〉|
2 ≤ B‖f‖2. (1)
The constants A and B are called lower and upper frame bounds, respectively.
If {fm}m∈M satisfies only upper inequality in (1), then it is called a Bessel sequence and B is
called a Bessel bound.
If there exists an mo ∈M such that the family {fm}m∈M\{mo} is a frame for H, then {fm}m∈M
is called a non-exact frame for H. A frame which is not non-exact is called an exact frame.
Associated with a Bessel sequence {fm}m∈M, frame operator S : H → H is defined by
S(f) =
∑
m∈M
〈f, fm〉fm.
The frame operator S is linear, bounded and self adjoint. Additionally, if the Bessel sequence
{fm}m∈M is a frame then its associated frame operator will be invertible. Using the frame operator,
we have a series representation of each vector f ∈ H in terms of frame elements which is given by
f =
∑
m∈M
〈S−1f, fm〉fm =
∑
m∈M
〈f, S−1fm〉fm.
But a frame can provide more than one series representation of a vector in terms of frame vectors.
This redundancy of frames is very useful in signal processing, filtering of noises and transmission of
signals. For basic theory and numerous applications of frames, one can see [2, 3, 7].
1.1. Weaving frames:
Bemrose et. el. [8] introduced the concept of weaving frames in Hilbert spaces. Weaving frames
have potential application in distributed signal processing. Let [n] = {1, 2, . . . , n}.
Definition 1.1. [8] Suppose {fmi}m∈M is a frame for H, for all i ∈ [n]. Then the family{
{fmi}m∈M : i ∈ [n]
}
is called woven if there exist universal constants 0 < A ≤ B such that
for any partition {σi}i∈[n] of M,
⋃
i∈[n]
{fmi}m∈σi is a frame for H with lower frame bound A (called
universal lower frame bound) and upper frame bound B (called universal upper frame bound).
It was proved in [8] that if a family of Riesz bases are weaving frames, then each weaving is also
a Riesz basis. Some basic properties of weaving frames were studied in [9]. Then the concept of
weaving frames in Hilbert spaces was extended to Banach spaces in [10]. A characterization for the
weaving of approximate Schauder frames in terms of C-approximate Schauder frame was presented.
The concept of weaving of infinitely many frames was studied by Deepshikha and Vashisht [11].
Various necessary conditions were presented for the weaving of infinitely many frames in Hilbert
spaces. The concept of weaving discrete frames was extended to weaving continuous frames in
[12, 13]. Weaving properties of Θ-g-frames, g-frames, and fusion frames can be found in [14, 15, 16].
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1.2. Outline of the paper:
In section 2, we give some relevant basic definitions and results.
In section 3, we present some sufficient conditions for weaving g-frames and weaving Θ-g-frames.
It is shown in Theorem 3.3 that the family of Θ-g-frames obtained by applying bounded operators
(whose adjoint operator is surjective) to a family of weaving Θ-g-frames is woven. In general, a
Θ-g-Bessel sequence need not be a Θ-g-frame. But Theorem 3.2 presents the sufficient condition for
a family of Θ-g-Bessel sequences to be weaving Θ-g-frames. Theorem 3.4 presents a class of weaving
Θ-g-frames which is generated by generalized frame operator. A sufficient condition is obtained to
weave Θ-g-frames with its dual Θ-g-frames in Theorem 3.5. Finally, we present a Paley-Wiener
type perturbation result for weaving Θ-g-frames in Theorem 3.6.
In section 4, we discuss weaving properties of generalized Riesz bases (g-Riesz bases). A char-
acterization of weaving g-Riesz bases in terms of weaving ordinary Riesz bases is given in Theorem
4.1. It is shown in Theorem 4.2 that if a family of g-Riesz bases are weaving g-frames, then every
weaving must be a g-Riesz basis. Example 4.1 shows that the weaving property of exact g-frames
need not be same as the weaving property of g-Riesz bases. Example 4.2 shows that unlike ordinary
Riesz basis, it is possible to weave a g-Riesz basis with a g-frame which is not a g-Riesz basis.
2. Preliminaries
In this section, we give some notations, basic definitions, and results on g-frames, K-frames and
Θ-g-frames in Hilbert spaces. We start by giving some notations. B(X ,Y) represents the space of
all linear bounded operators from a Banach space X to a Banach space Y . If X = Y , then we write
B(X ,Y) = B(X ). For K ∈ B(X ,Y), R(K) denote the range of operator K. If U ∈ B(H,K), then
U∗ denotes the Hilbert-adjoint operator of U , where H and K are Hilbert spaces. The abbreviation
w.r.t. stands for with respect to.
2.1. Generalized frames in Hilbert spaces
Sun [5] introduced the concept of generalized frames (g-frames). g-frames are the generalization
of many frames like ordinary frames, fusion frames and bounded quasi-projectors [5, 17, 18]. Let
{Hm}m∈N be a sequence of separable Hilbert spaces.
Definition 2.1. [5] Suppose Λm ∈ B(H,Hm), for m ∈ N. Then {Λm}m∈N is a generalized frame
(or g-frame) for H w.r.t. {Hm}m∈N if there exist positive constants Ao (called lower g-frame bound)
and Bo (called upper g-frame bound) such that for any f ∈ H,
Ao‖f‖
2 ≤
∑
m∈N
‖Λmf‖
2 ≤ Bo‖f‖
2. (2)
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If {Λm}m∈N satisfies the upper inequality in (2), then {Λm}m∈N is called a g-Bessel sequence for
H w.r.t. {Hm}m∈N and Bo is called a g-Bessel bound.
Associated with a g-Bessel sequence {Λm}m∈N, we have a g-frame operator SΛ : H → H defined
by
SΛf =
∑
m∈N
Λ∗mΛmf.
Here SΛ is a bounded linear operator. If {Λm}m∈N forms a g-frame for H, then SΛ is invertible.
Definition 2.2. [5] Suppose {Λm}m∈N and {τm}m∈N are g-frames for H w.r.t. {Hm}m∈N. Then
{τm}m∈N is called a dual g-frame of {Λm}m∈N if for any f ∈ H,
f =
∑
m∈N
Λ∗mτmf =
∑
m∈N
τ ∗mΛmf.
Definition 2.3. [5] Let Λm ∈ B(H,Hm), m ∈ N. Then {Λm}m∈N is called a generalized Riesz
basis (or g-Riesz basis) for H w.r.t. {Hm}m∈N if
(i) {Λm}m∈N is complete in H that is {f : Λmf = 0, for all m ∈ N} = {0}.
(ii) There exist constants A,B > 0 such that for any finite set J ⊆ N and for any fm ∈ Hm,
m ∈ J ,
A
∑
m∈J
‖fm‖
2 ≤
∥∥∥∑
m∈J
Λ∗mfm
∥∥∥2 ≤ B ∑
m∈J
‖fm‖
2.
Sun [5] characterized g-Riesz basis in terms of ordinary Riesz basis using orthonormal basis.
Theorem 2.1. [5] Let Λm ∈ B(H,Hm) and {en,m}n∈Jm be an orthonormal basis for Hm, where
Jm ⊆ N, for m ∈ N. Then {Λm}m∈N is a g-Riesz basis for H if and only if {Λ
∗
men,m}n∈Jm,m∈N is a
Riesz basis for H.
2.2. K-frames and Θ-g-frames in Hilbert spaces
Gaˇvruta [4] introduced the concept of K-frames, where K ∈ B(H).
Definition 2.4. [4] Let K ∈ B(H). Then {fm}m∈N ⊂ H is called a K-frame for H, if there exist
0 < Ao ≤ Bo such that for any g ∈ H,
Ao‖K
∗(g)‖2 ≤
∑
m∈N
|〈g, fm〉|
2 ≤ Bo‖g‖
2. (3)
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Ordinary frames are also K-frames for K = IH, where IH denotes the identity mapping on
H. The upper inequality in (3) shows that every K-frame is a Bessel sequence and hence it has
the associated frame operator. The frame operator associated with an ordinary frame is always
invertible on H while the frame operator of a K-frame is invertible on R(K), where R(K) ⊂ H is
closed.
Using the concept of both K-frames and g-frames, Asgari and Rahimi [6] introduced the new
concept of Θ-g-frames.
Definition 2.5. [6] Let Θ ∈ B(H) and let Λm ∈ B(H,Hm), for m ∈ N. Then {Λm}m∈N is called
a Θ-g-frame for H w.r.t. {Hm}m∈N if there exist positive real numbers A and B such that for any
g ∈ H,
A‖Θ∗(g)‖2 ≤
∑
m∈N
‖Λmg‖
2 ≤ B‖g‖2. (4)
If {Λm}m∈N satisfies the upper inequality in (4), then it is called a Θ-g-Bessel sequence and B
is called a Θ-g-Bessel bound.
Definition 2.6. [6] Suppose Θ ∈ B(H). Then Θ-g-frames {Λm}m∈N and {Γm}m∈N for H w.r.t.
{Hm}m∈N are called dual Θ-g-frames if for any f ∈ H,
Θf =
∑
m∈N
Λ∗mΓmf.
We end this section by the concept of pseudo inverse operator which can be found in [3] and by
stating one result of operator theory.
Suppose H1 and H2 are Hilbert spaces and V ∈ B(H1,H2) such that R(V ) is closed. If there
exists V † ∈ B(H2,H1) such that V V
†g = g for all g ∈ R(V ) i.e. V V † = IR(V ), then the operator
V † is called a pseudo inverse of V .
Theorem 2.2. [19] Suppose L1 ∈ B(H1,H) and L2 ∈ B(H2,H). Then the following are equivalent:
(i) R(L1) ⊂ R(L2).
(ii) L1L
∗
1 ≤ ν
2L2L
∗
2 for some ν ≥ 0.
(iii) There exists Γ ∈ B(H1,H2) such that L1 = L2Γ and ‖Γ‖
2 = inf{λ : L1L
∗
1 ≤ λ
2L2L
∗
2}.
3. Weaving Θ-g-frames and Weaving g-frames
We begin with the definition of weaving g-frames and weaving Θ-g-frames in separable Hilbert
spaces.
5
Definition 3.1. [14] Suppose for each i ∈ [n], {Λmi}m∈N is a g-frame for H w.r.t. {Hmi}m∈N. Then
the collection of g-frames
{
{Λmi}m∈N : i ∈ [n]
}
is called woven if there exist universal positive real
numbers A (called universal lower g-frame bound) and B (called universal upper g-frame bound)
such that for any partition {σi}i∈[n] of N,
⋃
i∈[n]
{Λmi}m∈σi is a g-frame for H with lower g-frame
bound A and upper g-frame bound B.
Definition 3.2. [15] Suppose for each i ∈ [n], {Λmi}m∈N is a Θ-g-frame for H w.r.t. {Hmi}m∈N.
Then the collection of Θ-g-frames
{
{Λmi}m∈N : i ∈ [n]
}
is called woven if there exist universal
positive real numbers A (called universal lower Θ-g-frame bound) and B (called universal upper
Θ-g-frame bound) such that for any partition {σi}i∈[n] of N,
⋃
i∈[n]
{Λmi}m∈σi is a Θ-g-frame for H
with lower Θ-g-frame bound A and upper Θ-g-frame bound B.
Following theorem is about the existence of universal upper Θ-g-frame bound for any family of
Θ-g-frames.
Proposition 3.1. [15] Suppose for each i ∈ [n], {Λmi}m∈N is a Θ-g-frame for H with upper Θ-g-
frame bound Bi. Then for any partition {σi}i∈[n] of N,
⋃
i∈[n]
{Λmi}m∈σi is a Θ-g-Bessel sequence for
H with upper Θ-g-frame bound
∑
i∈[n]
Bi.
It is to be observed that an ordinary frame is a K-frame for H for any K ∈ B(H).
Suppose K ∈ B(H) and {fm}m∈N is a frame for H with upper and lower frame bounds A and B,
respectively.
Since R(K) ⊆ R(IH), where IH is the identity operator on H. So by Theorem 2.2, there exists
ν > 0 such that KK∗ ≤ ν2IHI
∗
H = ν
2IH. Take Ao =
1
ν2
> 0. Then
B‖f‖2 ≥
∑
m∈N
|〈f, fm〉|
2 ≥ A‖f‖2 ≥ AAo‖K
∗f‖2, f ∈ H.
Therefore, {fm}m∈N is a K-frame for H with lower and upper bounds AAo and B, respectively.
Using the above observation, we obtain the following sufficient condition for weaving Θ-g-frames.
In the following theorem, Hm,Wm ⊆ H, for each m ∈ N.
Theorem 3.1. Let {Λm}m∈N and {Ωm}m∈N be Θ-g-frames for H w.r.t. {Hm}m∈N and {Wm}m∈N,
respectively. If there exists mo ∈ N such that Λ
∗
mo
and Ω∗mo are surjective, then {Λm}m∈N and
{Ωm}m∈N are woven Θ-g-frames.
Proof. Let {em}m∈N be an orthonormal basis for H.
Since Λ∗mo ,Ω
∗
mo
: H → H are bounded surjective operators. So {Λ∗mo(em)}m∈N and {Ω
∗
mo
(em)}m∈N
are frames (ordinary frames) for H. By the above observation, {Λ∗mo(em)}m∈N and {Ω
∗
mo
(em)}m∈N
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are K-frames (K = Θ) for H with lower K-frame bounds (say) A1, A2 and upper K-frame bounds
(say) B1, B2, respectively.
Let σ ⊆ N be arbitrary. If mo ∈ σ, then we compute∑
m∈σ
‖Λm(f)‖
2 +
∑
m∈σc
‖Ωm(f)‖
2 ≥ ‖Λmo(f)‖
2
=
∑
m∈N
|〈Λmo(f), em〉|
2
=
∑
m∈N
|〈f,Λ∗mo(em)〉|
2
≥ A1‖Θ
∗(f)‖2
≥ min{A1, A2}‖Θ
∗(f)‖2
If mo ∈ σ
c, we have
∑
m∈σ
‖Λm(f)‖
2 +
∑
m∈σc
‖Ωm(f)‖
2 ≥ ‖Ωmo(f)‖
2
=
∑
m∈N
|〈f,Ω∗mo(em)〉|
2
≥ A2‖Θ
∗(f)‖2
≥ min{A1, A2}‖Θ
∗(f)‖2
Hence, {Λm}m∈N and {Ωm}m∈N are woven with universal lower Θ-g-frame bound min{A1, A2} and
universal upper Θ-g-frame bound B1 +B2.
Following corollary can be obtained by taking Θ = IH (identity operator on H).
Corollary 3.1. Let {Λm}m∈N and {Ωm}m∈N be g-frames for H w.r.t. {Hm}m∈N and {Wm}m∈N,
respectively. If there exists mo ∈ N such that Λ
∗
mo
and Ω∗mo are surjective, then {Λm}m∈N and
{Ωm}m∈N are woven g-frames.
In the next result, we present sufficient condition to weave Θ-g-Bessel sequences into Θ-g-frames.
Theorem 3.2. Let {Λm}m∈N and {Ωm}m∈N be Θ-g-Bessel sequences for H w.r.t. {Hm}m∈N. Sup-
pose there exists mo ∈ N such that for each f ∈ H,
Θf = Λ∗moΩmof and Λ
∗
mo
Ωmo = Ω
∗
mo
Λmo .
Then {Λm}m∈N and {Ωm}m∈N are woven Θ-g-frames for H.
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Proof. Suppose B1 and B2 are Θ-g-Bessel bounds for {Λm}m∈N and {Ωm}m∈N, respectively. Let
σ ⊆ N be arbitrary. If mo ∈ σ, then using Cauchy-Schwartz inequality we compute
‖Θ∗f‖4 = |〈Θ∗f,Θ∗f〉|2
= |〈ΘΘ∗f, f〉|2
=
∣∣∣〈Λ∗moΩmoΘ∗f, f〉∣∣∣2
=
∣∣∣〈ΩmoΘ∗f,Λmof〉∣∣∣2
≤ ‖ΩmoΘ
∗f‖2‖Λmof‖
2
≤ ‖Ωmo‖
2‖Θ∗f‖2‖Λmof‖
2
≤ B2‖Θ
∗f‖2
(∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
)
≤ max{B1, B2}‖Θ
∗f‖2
(∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
)
.
If mo ∈ σ
c, we have
‖Θ∗f‖4 = |〈ΘΘ∗f, f〉|2
=
∣∣∣〈Λ∗moΩmoΘ∗f, f〉∣∣∣2
=
∣∣∣〈Ω∗moΛmoΘ∗f, f〉∣∣∣2
=
∣∣∣〈ΛmoΘ∗f,Ωmof〉∣∣∣2
≤ ‖Λmo‖
2‖Θ∗f‖2‖Ωmof‖
2
≤ max{B1, B2}‖Θ
∗f‖2
(∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
)
.
Thus, for any f ∈ H, we have
min
{
1
B1
,
1
B2
}
‖Θ∗f‖2 ≤
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2 ≤ (B1 +B2)‖f‖
2.
Hence, {Λm}m∈N and {Ωm}m∈N are woven Θ-g-frames.
Next example is an illustration of Theorem 3.2.
Example 3.1. Suppose H is any separable Hilbert space with orthonormal basis {em}m∈N. Let
Θ : H → H be a bounded linear operator defined by
Θf = 〈f, e1〉e1 + 〈f, e2〉e2.
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For m ∈ N, let Hm = span{em, em+1, em+2}. Define bounded linear operators Λm,Ωm : H → Hm as
Λm(f) = 〈f, em〉em + 〈f, em+1〉em+1 + 〈f, em+2〉em+2
Ωm(f) = 〈f, em〉em + 〈f, em+1〉em+1.
Then for any f ∈ H, we have
‖Θ∗f‖2 ≤ ‖f‖2 =
∑
m∈N
|〈f, em〉|
2 ≤
∑
m∈N
‖Λmf‖
2 ≤ 3
∑
m∈N
|〈f, em〉|
2 = 3‖f‖2.
Thus, {Λm}m∈N is a Θ-g-frame for H w.r.t. {Hm}m∈N. Similarly, one can show that {Ωm}m∈N is
a Θ-g-frame for H w.r.t. {Hm}m∈N.
Choose mo = 1. For any f ∈ H, we compute
Λ∗moΩmo(f) = Λ
∗
1(〈f, e1〉e1 + 〈f, e2〉e2)
= Λ1(〈f, e1〉e1 + 〈f, e2〉e2)
= 〈〈f, e1〉e1 + 〈f, e2〉e2, e1〉e1 + 〈〈f, e1〉e1 + 〈f, e2〉e2, e2〉e2
+ 〈〈f, e1〉e1 + 〈f, e2〉e2, e3〉e3
= 〈f, e1〉e1 + 〈f, e2〉e2
= Θf.
Also, we have
Λ∗moΩmo(f) = 〈f, e1〉e1 + 〈f, e2〉e2
= Ω1Λ1(f)
= Ω∗moΛmo(f).
Hence, Θf = Λ∗moΩmof and Λ
∗
mo
Ωmo = Ω
∗
mo
Λmo. By Theorem 3.2, {Λm}m∈N and {Ωm}m∈N are
woven Θ-g−frames for H.
Aldroubi [20] characterized all operators that transform frames into other frames. Casazza and
Lynch showed in [9] that a family of ordinary frames obtained by applying an invertible operator
to the family of ordinary weaving frames is woven. It was proved in [15] that weaving Θ-g-frames
remains to be woven if an invertible operator applied on them. In the following theorem, we show
that the condition of invertible operator can be weaken and the surjectivity of the adjoint operator
will suffice.
Theorem 3.3. Let {Λm}m∈N and {Ωm}m∈N be woven Θ-g-frames for H w.r.t. {Hm}m∈N and
{Wm}m∈N, respectively, where Hm ⊆ K1, Wm ⊆ K2, for each m ∈ N. Suppose U ∈ B(K1) and
V ∈ B(K2) are such that U
∗ and V ∗ are surjective. Then the families {UΛm}m∈N and {V Ωm}m∈N
are woven Θ-g-frames for H w.r.t. {UHm}m∈N and {VWm}m∈N, respectively.
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Proof. Suppose that {Λm}m∈N and {Ωm}m∈N are woven Θ-g-frames with universal lower and upper
Θ-g-frame bounds A and B, respectively. Since U∗ is a surjective operator, we have
U∗(U∗)† = IRU∗ = IK1 ⇒ (U
∗(U †)∗)∗ = I∗K1 ⇒ U
†U = IK1.
Similarly, V †V = IK2 . Suppose σ ⊆ N and f ∈ H are arbitrary. Then
A‖Θ∗(f)‖2 ≤
∑
m∈σ
‖Λm(f)‖
2 +
∑
m∈σc
‖Ωm(f)‖
2
=
∑
m∈σ
‖U †UΛm(f)‖
2 +
∑
m∈σc
‖V †V Ωm(f)‖
2
≤
∑
m∈σ
‖U †‖2‖UΛm(f)‖
2 +
∑
m∈σc
‖V †‖2‖V Ωm(f)‖
2
≤ max
{
‖U †‖2, ‖V †‖2
}(∑
m∈σ
‖UΛm(f)‖
2 +
∑
m∈σc
‖V Ωm(f)‖
2
)
.
This shows that min
{
A
‖U†‖2
, A
‖V †‖2
}
is a universal lower bound. To find a universal upper bound,
we compute
∑
m∈σ
‖UΛm(f)‖
2 +
∑
m∈σc
‖V Ωm(f)‖
2 ≤ max
{
‖U‖2, ‖V ‖2
}(∑
m∈σ
‖Λm(f)‖
2 +
∑
m∈σc
‖Ωm(f)‖
2
)
≤ Bmax
{
‖U‖2, ‖V ‖2
}
‖f‖2.
Hence, {UΛm}m∈N and {V Ωm}m∈N are woven Θ-g-frames with universal bounds min
{
A
‖U†‖2
, A
‖V †‖2
}
and max
{
B‖U‖2, B‖V ‖2
}
, respectively.
Corollary 3.2. Let {Λm}m∈N and {Ωm}m∈N be woven g-frames forH w.r.t. {Hm}m∈N and {Wm}m∈N,
respectively, where Hm ⊆ K1, Wm ⊆ K2, for each m ∈ N. Suppose U ∈ B(K1) and V ∈ B(K2)
are such that U∗ and V ∗ are surjective. Then the families {UΛm}m∈N and {V Ωm}m∈N are woven
g-frames for H w.r.t. {UHm}m∈N and {VWm}m∈N, respectively.
Following example is an illustration of Theorem 3.3 where the operators U and V are surjective
but non invertible.
Example 3.2. Let H = K1 = K2 = ℓ
2(N) and let {em}m∈N be an orthonormal basis of ℓ
2(N).
Suppose Hm =Wm = span{em, em+1, em+2}.
Let Θ, {Λm}m∈N and {Ωm}m∈N be same as in Example 3.1. Then {Λm}m∈N and {Ωm}m∈N are
woven Θ-g-frames for H w.r.t. {Hm}m∈N.
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Define U, V : ℓ2(N)→ ℓ2(N) as
U(a1, a2, a3, . . .) = (0, a1, a2, a3, . . .)
V (a1, a2, a3, . . .) = (0, 0, a1, a2, a3, . . .).
Then U and V are linear bounded and non invertible operators. Further, we have
U∗(a1, a2, a3, . . .) = (a2, a3, a4, . . .)
V ∗(a1, a2, a3, . . .) = (a3, a4, a5 . . .).
Thus, both the operators U and V are linear bounded with surjective adjoint operators. Hence,
by Theorem 3.3, {UΛm}m∈N and {V Ωm}m∈N are woven Θ-g-frames for H w.r.t. {UHm}m∈N and
{VWm}m∈N, respectively.
In the following theorem, a class of weaving g-frames is obtained using generalized frame oper-
ator.
Theorem 3.4. Let {Λm}m∈N be a g-frame for H w.r.t. {Hm}m∈N, where Hm ⊆ H for all m ∈ N.
Suppose SΛ is the g-frame operator of {Λm}m∈N such that S
−1
Λ Λm is self adjoint for all m ∈ N.
Then {Λm}m∈N and {Λ
∗
mS
−1
Λ }m∈N are woven g-frames for H.
Proof. Suppose upper and lower bounds of g-frame {Λm}m∈N are A and B, respectively. Let σ ⊆ N
be arbitrary. Since S−1Λ and S
−1
Λ Λm are self adjoint, we have
A‖f‖2 ≤
∑
m∈N
‖Λmf‖
2
=
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Λmf‖
2
=
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖SΛS
−1
Λ Λmf‖
2
≤
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖SΛ‖
2‖S−1Λ Λmf‖
2
≤
∑
m∈σ
‖Λmf‖
2 +B2
∑
m∈σc
‖(S−1Λ Λm)
∗f‖2
≤
∑
m∈σ
‖Λmf‖
2 +B2
∑
m∈σc
‖Λ∗mS
−1
Λ f‖
2
≤ max{1, B2}
(∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Λ∗mS
−1
Λ f‖
2
)
.
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Thus, min
{
A, A
B2
}
is a universal lower g-frame bound. To find a universal upper g-frame bound,
we compute
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Λ∗mS
−1
Λ f‖
2 =
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖(S−1Λ Λm)
∗f‖2
=
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖S−1Λ Λmf‖
2
≤
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖S−1Λ ‖
2‖Λmf‖
2
≤
∑
m∈σ
‖Λmf‖
2 +
1
A2
∑
m∈σc
‖Λmf‖
2
≤ max
{
1,
1
A2
}∑
m∈N
‖Λmf‖
2
≤ Bmax
{
1,
1
A2
}
‖f‖2.
Hence, {Λm}m∈N and {Λ
∗
mS
−1
Λ }m∈N are woven g-frames for H with universal lower g-frame bound
min
{
A, A
B2
}
and universal upper g-frame bound max
{
B, B
A2
}
.
Next theorem gives the sufficient condition to weave a Θ-g-frame with its dual Θ-g-frame.
Theorem 3.5. Let {Λm}m∈N be a Θ-g-frame for H w.r.t. {Hm}m∈N. Suppose {Γm}m∈N is a dual
Θ-g-frame of {Λm}m∈N such that Λ
∗
mΓm is self adjoint for all m ∈ N. Then {Λm}m∈N and {Γm}m∈N
are woven Θ-g-frames for H.
Proof. Suppose A1 and B1 are lower and upper Θ-g-frame bounds for {Λm}m∈N, respectively. Fur-
ther, let B2 be an upper Θ-g-frame bound of {Γm}m∈N.
Let σ ⊆ N be arbitrary. Since Λ∗mΓm is self adjoint and using Cauchy Schwartz inequality, we
have
‖Θ∗f‖2 = sup
‖h‖=1
|〈Θ∗f, h〉|2
= sup
‖h‖=1
|〈f,Θh〉|2
= sup
‖h‖=1
|〈f,
∑
m∈N
Λ∗mΓmh〉|
2
= sup
‖h‖=1
|
∑
m∈σ
〈f,Λ∗mΓmh〉+
∑
m∈σc
〈f,Λ∗mΓmh〉|
2
= sup
‖h‖=1
|
∑
m∈σ
〈Λmf,Γmh〉+
∑
m∈σc
〈f,Γ∗mΛmh〉|
2
12
= sup
‖h‖=1
|
∑
m∈σ
〈Λmf,Γmh〉+
∑
m∈σc
〈Γmf,Λmh〉|
2
≤ 2 sup
‖h‖=1
(∣∣∣∑
m∈σ
〈Λmf,Γmh〉
∣∣∣2 + ∣∣∣ ∑
m∈σc
〈Γmf,Λmh〉
∣∣∣2
)
≤ 2 sup
‖h‖=1
∑
m∈σ
‖Λmf‖
2
∑
m∈σ
‖Γmh‖
2 + 2 sup
‖h‖=1
∑
m∈σc
‖Γmf‖
2
∑
m∈σc
‖Λmh‖
2
≤ 2 sup
‖h‖=1
∑
m∈σ
‖Λmf‖
2
∑
m∈N
‖Γmh‖
2 + 2 sup
‖h‖=1
∑
m∈σc
‖Γmf‖
2
∑
m∈N
‖Λmh‖
2
≤ 2B2
∑
m∈σ
‖Λmf‖
2 + 2B1
∑
m∈σc
‖Γmf‖
2
≤ 2max{B1, B2}
(∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Γmf‖
2
)
.
Therefore, {Λm}m∈N and {Γm}m∈N are woven Θ-g-frames for H with universal lower Θ-g-frame
bound min
{
1
2B1
, 1
2B2
}
and universal upper Θ-g-frame bound B1 +B2.
Corollary to the above theorem gives the sufficient condition to weave a g-frame with its dual
g-frame.
Corollary 3.3. Let {Λm}m∈N be a g-frame for H w.r.t. {Hm}m∈N. Suppose {Γm}m∈N is a dual
g-frame of {Λm}m∈N such that Λ
∗
mΓm is self adjoint for all m ∈ N. Then {Λm}m∈N and {Γm}m∈N
are woven g-frames for H.
The following example gives an application of Theorem 3.5.
Example 3.3. Let H be any separable Hilbert space and {em}m∈N be its orthonormal basis. Define
a bounded linear operator Θ : H → H by
Θf =
∞∑
m=2
〈f, em〉em.
Let Hm = span{em, em+1, em+2}, for m ∈ N. Define bounded linear operators Λm,Γm : H → Hm as
follows
Λm(f) = 〈f, em〉em + 〈f, em+1〉em+1
Γm(f) = 〈f, em+1〉em+1 + 〈f, em+2〉em+2.
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Then for any f ∈ H, we have
‖Θ∗f‖2 =
∞∑
m=2
|〈f, em〉|
2 ≤
∞∑
m=1
(|〈f, em〉|
2 + |〈f, em+1〉|
2) =
∞∑
m=1
‖Λm(f)‖
2 ≤ 2
∞∑
m=1
(|〈f, em〉|
2 = 2‖f‖2
‖Θ∗f‖2 =
∞∑
m=2
|〈f, em〉|
2 ≤
∞∑
m=1
(|〈f, em+1〉|
2 + |〈f, em+2〉|
2) =
∞∑
m=1
‖Γm(f)‖
2 ≤ 2
∑
m∈N
(|〈f, em〉|
2 = 2‖f‖2.
Thus, {Λm}m∈N and {Γm}m∈N are Θ-g-frames for H w.r.t. {Hm}m∈N. Further, for any m ∈ N, we
obtain
Λ∗mΓm(f) = Λm(〈f, em+1〉em+1 + 〈f, em+2〉em+2)
= 〈〈f, em+1〉em+1 + 〈f, em+2〉em+2, em〉em + 〈〈f, em+1〉em+1 + 〈f, em+2〉em+2, em+1〉em+1
= 〈f, em+1〉em+1
= Γ∗mΛm(f)
= (Λ∗mΓm)
∗(f).
Also, we have
∑
m∈N
Λ∗mΓm(f) =
∑
m∈N
〈f, em+1〉em+1 =
∞∑
m=2
〈f, em〉em = Θf.
Therefore, {Γm}m∈N is dual Θ-g-frame of {Λm}m∈N and Λ
∗
mΓm is self adjoint for all m ∈ N. Thus,
by Theorem 3.5, {Λm}m∈N and {Γm}m∈N are woven Θ-g-frames for H.
In the below theorem, we present a perturbation result for the weaving of Θ-g-frames.
Theorem 3.6. Let Θ ∈ B(H) be a surjective operator. Suppose {Λm}m∈N and {Ωm}m∈N are Θ-g-
frames for H w.r.t. {Hm}m∈N and {Wm}m∈N, respectively such that A1, B1 and A2, B2 are Θ-g-
frame bounds of {Λm}m∈N and {Ωm}m∈N, respectively. If there exist α, β ≥ 0 and {γm}m∈N ∈ ℓ
2(N)
such that for any f ∈ H and m ∈ N,
‖Λmf − Ωmf‖ ≤ α‖Λmf‖+ β‖Ωmf‖+ |γm|‖f‖ (5)
and
A2
2
− 3‖Θ†‖2
(
α2B1 + β
2B2 +
∑
m∈N
|γm|
2
)
> 0, (6)
then {Λm}m∈N and {Ωm}m∈N are woven Θ-g-frames for H with universal lower and upper Θ-g-frame
bounds A2
2
− 3‖Θ†‖2
(
α2B1 + β
2B2 +
∑
m∈N |γm|
2
)
and B1 +B2, respectively.
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Proof. Using ΘΘ† = IR(Θ) = IH, we have Θ
†∗Θ∗ = (ΘΘ†)∗ = I∗H = IH. Thus, for any f ∈ H
‖f‖2 = ‖Θ†∗Θ∗f‖2 ≤ ‖Θ†∗‖2‖Θ∗f‖2 = ‖Θ†‖2‖Θ∗f‖2. (7)
Let σ ⊆ N be arbitrary. Using 5 and 7, we compute
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2 ≥
1
2
∑
m∈σ
‖Ωmf‖
2 −
∑
m∈σ
‖Λmf − Ωmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
≥
1
2
∑
m∈N
‖Ωmf‖
2 −
∑
m∈σ
(α‖Λmf‖+ β‖Ωmf‖+ |γm|‖f‖)
2
≥
A2
2
‖Θ∗f‖2 − 3
∑
m∈σ
(
α2‖Λmf‖
2 + β2‖Ωmf‖
2 + |γm|
2‖f‖2
)
≥
A2
2
‖Θ∗f‖2 − 3
(
α2
∑
m∈N
‖Λmf‖
2 + β2
∑
m∈N
‖Ωmf‖
2 + ‖f‖2
∑
m∈N
|γm|
2
)
≥
A2
2
‖Θ∗f‖2 − 3
(
α2B1 + β
2B2 +
∑
m∈N
|γm|
2
)
‖f‖2
≥
(
A2
2
− 3‖Θ†‖2
(
α2B1 + β
2B2 +
∑
m∈N
|γm|
2
))
‖Θ∗f‖2.
Hence, A2
2
− 3‖Θ†‖2
(
α2B1 + β
2B2 +
∑
m∈N |γm|
2
)
is a universal lower Θ-g-frame bound and by
Proposition 3.1, B1 +B2 is a universal upper Θ-g-frame bound.
We end this section with an example to illustrate Theorem 3.6.
Example 3.4. Let H = ℓ2(N) with canonical orthonormal basis {em}m∈N. Define Θ : H → H by
Θ(c1, c2, c3, . . .) = (c2, c3, c4, . . .).
Then Θ is a bounded linear and surjective operator such that
Θ†(c1, c2, c3, . . .) = Θ
∗(c1, c2, c3, . . .) = (0, c1, c2, c3, . . .)
Define bounded linear operators Λm,Ωm : H → H by
Λm(f) = 〈f, em〉em + 〈f, em+1〉em+1 +
9
10
〈f, em+2〉em+2
Ωm(f) = 〈f, em〉em + 〈f, em+1〉em+1 + 〈f, em+2〉em+2.
For any f ∈ H, we have
‖Θ∗f‖2 = ‖f‖2 =
∑
m∈N
|〈f, em〉|
2 ≤
∑
m∈N
‖Λmf‖
2 ≤ 3
∑
m∈N
|〈f, em〉|
2 = 3‖f‖2.
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Then {Λm}m∈N is a Θ-g-frame for H with lower and upper bounds A1 = 1 and B1 = 3, respectively.
Similarly, {Ωm}m∈N is a Θ-g-frame for H with lower and upper bounds A2 = 1 and B2 = 3,
respectively.
Choose α = β = 1
10
and γm = 0 for all m ∈ N. Then
‖Λmf − Ωmf‖ =
∥∥∥∥ 110〈f, em+2〉em+2
∥∥∥∥
=
1
10
|〈f, em+2〉|
≤
1
10
‖Ωmf‖
≤ α‖Λmf‖+ β‖Ωmf‖+ |γm|‖f‖, for all m ∈ N and f ∈ H.
Also A2
2
− 3‖Θ†‖2
(
α2B1 + β
2B2 +
∑
m∈N |γm|
2
)
= 1
2
− 3
(
3
100
+ 3
100
)
= 1
2
− 9
50
= 8
25
> 0.
Therefore, the conditions (5) and (6) of Theorem 3.6 are satisfied and hence {Λm}m∈N and
{Ωm}m∈N are woven Θ-g-frames for H.
4. Weaving g-Riesz bases
Sun [5] characterized g-Riesz basis in terms of ordinary Riesz basis. As a corollary to the Sun’s
result, Vashisht et. al. [14] characterized weaving g-Riesz bases in terms of weaving ordinary Riesz
bases by using ordinary orthonormal basis. In the following theorem, we present a necessary and
sufficient condition for weaving g-Riesz bases in terms of ordinary weaving Riesz bases by using
ordinary Riesz bases.
Theorem 4.1. Let {Λm}m∈N and {Ωm}m∈N be g-Riesz bases for H w.r.t. {Hm}m∈N. Suppose
{fm,i}i∈Pm and {gm,i}i∈Pm are Riesz bases for Hm with lower Riesz bounds αm, Am and upper Riesz
bound βm, Bm, respectively such that inf{αm : m ∈ N}, inf{Am : m ∈ N} > 0 and sup{βm : m ∈
N}, sup{Bm : m ∈ N} < ∞. Then {Λm}m∈N and {Ωm}m∈N are woven g-Riesz bases for H if and
only if {Λ∗mfm,i}i∈Pm,m∈N and {Ω
∗
mgm,i}i∈Pm,m∈N are woven Riesz bases for H.
Proof. Let inf{αm : m ∈ N} = α, sup{βm : m ∈ N} = β, inf{Am : m ∈ N} = A and sup{Bm : m ∈
N} = B.
Let S1m and S2m be the frame operators of {fm,i}i∈Pm and {gm,i}i∈Pm, respectively. Then
{S−11mfm,i}i∈Pm and {S
−1
2mgm,i}i∈Pm are Riesz bases for Hm.
Suppose σ is any arbitrary subset of N. Using ω-independence of Riesz bases {S−11mfm,i}i∈Pm and
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{S−12mgm,i}i∈Pm, for any f ∈ H we have
{f : Λmf = 0, m ∈ σ} ∪ {f : Ωmf = 0, m ∈ σ
c}
= {f :
∑
i∈Pm
〈Λmf, fm,i〉S
−1
1mfm,i = 0, m ∈ σ} ∪ {f :
∑
i∈Pm
〈Ωmf, gm,i〉S
−1
2mgm,i = 0, m ∈ σ
c}
= {f : 〈Λmf, fm,i〉 = 0, i ∈ Pm, m ∈ σ} ∪ {f : 〈Ωmf, gm,i〉 = 0, i ∈ Pm, m ∈ σ
c}
= {f : 〈f,Λ∗mfm,i〉 = 0, i ∈ Pm, m ∈ σ} ∪ {f : 〈f,Ω
∗
mgm,i〉 = 0, i ∈ Pm, m ∈ σ
c}. (8)
To prove the forward part of the theorem, let {Λm}m∈N and {Ωm}m∈N be weaving g-Riesz bases
for H with universal lower and upper g-Riesz bounds γ and δ, respectively.
Let σ and J be arbitrary subsets of N such that |J| <∞. Then for any {cm,i}i∈Pm,m∈N ∈ ℓ2, we
compute∥∥∥ ∑
m∈σ∩J
∑
i∈Pm
cm,iΛ
∗
mfm,i +
∑
m∈σc∩J
∑
i∈Pm
cm,iΩ
∗
mgm,i
∥∥∥2
=
∥∥∥∥∥
∑
m∈σ∩J
Λ∗m
(∑
i∈Pm
cm,ifm,i
)
+
∑
m∈σc∩J
Ω∗m
(∑
i∈Pm
cm,igm,i
)∥∥∥∥∥
2
≤ δ
( ∑
m∈σ∩J
∥∥∥ ∑
i∈Pm
cm,ifm,i
∥∥∥2 + ∑
m∈σc∩J
∥∥∥ ∑
i∈Pm
cm,igm,i
∥∥∥2
)
≤ δ
( ∑
m∈σ∩J
βm
∑
i∈Pm
|cm,i|
2 +
∑
m∈σc∩J
Bm
∑
i∈Pm
|cm,i|
2
)
≤ δ
( ∑
m∈σ∩J
β
∑
i∈Pm
|cm,i|
2 +
∑
m∈σc∩J
B
∑
i∈Pm
|cm,i|
2
)
≤ δmax{β,B}
( ∑
m∈σ∩J
∑
i∈Pm
|cm,i|
2 +
∑
m∈σc∩J
∑
i∈Pm
|cm,i|
2
)
.
Thus, max{δβ, δB} is a universal upper Riesz bound of {Λ∗mfm,i}i∈Pm,m∈N and {Ω
∗
mgm,i}i∈Pm,m∈N.
Similarly, min{γα, γA} is a universal lower Riesz bound.
Since {Λm}m∈σ ∪ {Ωm}m∈σc is complete in H, by equation (8), the family {Λ
∗
mfm,i}i∈Pm,m∈σ
∪ {Ω∗mgm,i}i∈Pm,m∈σc is complete in H. Hence {Λ
∗
mfm,i}i∈Pm,m∈N and {Ω
∗
mgm,i}i∈Pm,m∈N are woven
Riesz basis for H.
To prove the converse part, suppose {Λ∗mfm,i}i∈Pm,m∈N and {Ω
∗
mgm,i}i∈Pm,m∈N are woven Riesz
bases for H with universal Riesz bounds λ and µ, respectively.
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Let σ and J be arbitrary subsets of N such that |J| <∞. For any gm ∈ Hm, we have∥∥∥ ∑
m∈σ∩J
Λ∗mgm +
∑
m∈σc∩J
Ω∗mgm
∥∥∥2
=
∥∥∥∥∥
∑
m∈σ∩J
Λ∗m
∑
i∈Pm
〈gm, S
−1
1mfm,i〉fm,i +
∑
m∈σc∩J
Ω∗m
∑
i∈Pm
〈gm, S
−1
2mgm,i〉gm,i
∥∥∥∥∥
2
=
∥∥∥∥∥
∑
m∈σ∩J
∑
i∈Pm
〈gm, S
−1
1mfm,i〉Λ
∗
mfm,i +
∑
m∈σc∩J
∑
i∈Pm
〈gm, S
−1
2mgm,i〉Ω
∗
mgm,i
∥∥∥∥∥
2
≤ λ
( ∑
m∈σ∩J
∑
i∈Pm
|〈gm, S
−1
1mfm,i〉|
2 +
∑
m∈σc∩J
∑
i∈Pm
|〈gm, S
−1
2mgm,i〉|
2
)
≤ λ
( ∑
m∈σ∩J
1
αm
‖gm‖
2 +
∑
m∈σc∩J
1
Am
‖gm‖
2
)
≤ λ
( ∑
m∈σ∩J
1
α
‖gm‖
2 +
∑
m∈σc∩J
1
A
‖gm‖
2
)
≤ λmax
{
1
α
,
1
A
}∑
m∈N
‖gm‖
2.
Similarly, we have∥∥∥ ∑
m∈σ∩J
Λ∗mgm +
∑
m∈σc∩J
Ω∗mgm
∥∥∥2
=
∥∥∥∥∥
∑
m∈σ∩J
∑
i∈Pm
〈gm, S
−1
1mfm,i〉Λ
∗
mfm,i +
∑
m∈σc∩J
∑
i∈Pm
〈gm, S
−1
2mgm,i〉Ω
∗
mgm,i
∥∥∥∥∥
2
≥ µ
( ∑
m∈σ∩J
∑
i∈Pm
|〈gm, S
−1
1mfm,i〉|
2 +
∑
m∈σc∩J
∑
i∈Pm
|〈gm, S
−1
2mgm,i〉|
2
)
≥ µ
( ∑
m∈σ∩J
1
β
‖gm‖
2 +
∑
m∈σc∩J
1
B
‖gm‖
2
)
≥ µmin
{
1
β
,
1
B
}∑
m∈N
‖gm‖
2.
Thus, universal lower and upper g-Riesz bounds of {Λm}m∈N and {Ωm}m∈N are min
{
µ
β
, µ
B
}
and
max
{
λ
α
, λ
A
}
, respectively. By the completeness of {Λ∗mfm,i}i∈Pm,m∈σ
⋃
{Ω∗mgm,i}i∈Pm,m∈σc and (8),
the family {Λm}m∈σ
⋃
{Ωm}m∈σc is g-complete in H. Therefore, {Λm}m∈N and {Ωm}m∈N are woven
g-Riesz bases for H.
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Cassaza et. al. [8] proved if the family of Riesz bases are woven frames, then each weaving is
not only a frame but also a Riesz basis. We extend this result in the context of g-Riesz basis. The
idea of the proof is similar to Theorem 5.3 in [8].
Theorem 4.2. Let {Λm}m∈N and {Ωm}m∈N be g-Riesz bases for H w.r.t. {Hm}m∈N such that each
Hm is finite dimensional. Suppose there exists A > 0 such that for any σ ⊆ N,
{Λm}m∈σ ∪ {Ωm}m∈σc is a g-frame for H with lower g-frame bound A. Then for any σ ⊆ N,
{Λm}m∈σ ∪ {Ωm}m∈σc is a g-Riesz basis for H.
Proof. Let {em,i}i∈Pm be an orthonormal basis forHm, where |Pm| <∞. Suppose σ ⊆ N is arbitrary.
Now we consider two cases:
Case(i): Let |σ| <∞ .
We apply induction on the cardinality of σ to prove that {Λm}m∈σ∪{Ωm}m∈σc is a g-Riesz basis
for H.
If |σ| = 0, then {Λm}m∈σ ∪ {Ωm}m∈σc = {Ωm}m∈N is a g-Riesz basis for H. Suppose the result
is true for all σ such that |σ| = n. Let σ ⊆ N be such that |σ| = n + 1. Choose mo ∈ σ. Let us
consider σo = σ \ {mo}. Then |σo| = n and hence by induction hypothesis, {Λm}m∈σo ∪ {Ωm}m∈σco
is a g-Riesz basis for H.
By Theorem 3.1 in [5], {Λ∗mem,i}i∈Pm,m∈σo∪{Ω
∗
mem,i}i∈Pm,m∈σco is a Riesz basis for H. Since every
Riesz basis is ω-independent, {Ω∗moemo,i}i∈Pmo is linearly independent. Thus, {Λ
∗
mem,i}i∈Pm,m∈σ\{mo}∪
{Ω∗mem,i}i∈Pm,m∈σc is a Riesz sequence spanning a subspace of codimension at least |Pmo |.
Now by hypothesis of the theorem, {Λm}m∈σ ∪ {Ωm}m∈σc is a g-frame for H. Then
{Λ∗mem}i∈Pm,m∈σ ∪ {Ω
∗
mem}i∈Pm,m∈σc is a frame for H such that the removal of {Ω
∗
mo
emo,i}i∈Pmo
leaves a Riesz sequence spanning a subspace of codimension at least |Pmo |. Thus, {Λ
∗
mem,i}i∈Pm,m∈σ∪
{Ω∗mem,i}i∈Pm,m∈σc must be a Riesz basis for H and hence {Λm}m∈σ ∪ {Ωm}m∈σc is a g-Riesz basis
for H.
Therefore, for any finite subset σ of N, {Λm}m∈σ ∪ {Ωm}m∈σc is a g-Riesz basis for H.
Case(ii): Let |σ| =∞.
Choose σ1 ⊂ σ2 ⊂ σ3 ⊂ · · · ⊂ σ such that σ =
⋃
n∈N
σn and |σn| <∞.
By case(i), for any n ∈ N, {Λm}m∈σn∪{Ωm}m∈σcn is a g-Riesz basis for H with lower Riesz bound
A. Thus, for any n ∈ N, {Λ∗mem,i}i∈Pm,m∈σn ∪ {Ω
∗
mem,i}i∈Pm,m∈σcn is a Riesz basis for H with lower
Riesz bound A. Then for any {cm,i}i∈Pm,m∈N ∈ ℓ
2, we have
∥∥∥∑
m∈σ
∑
i∈Pm
cm,iΛ
∗
mem,i +
∑
m∈σc
∑
i∈Pm
cm,iΩ
∗
mem,i
∥∥∥2
=
∥∥∥∥∥∥ limn→∞
∑
m∈σn
∑
i∈Pm
cm,iΛ
∗
mem,i + lim
n→∞
∑
m∈σcn
∑
i∈Pm
cm,iΩ
∗
mem,i
∥∥∥∥∥∥
2
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= lim
n→∞
∥∥∥∥∥∥
∑
m∈σn
∑
i∈Pm
cm,iΛ
∗
mem,i +
∑
m∈σcn
∑
i∈Pm
cm,iΩ
∗
mem,i
∥∥∥∥∥∥
2
≥ lim
n→∞
A

∑
m∈σn
∑
i∈Pm
|cm,i|
2 +
∑
m∈σcn
∑
i∈Pm
|cm,i|
2


= A
∑
m∈N
∑
i∈Pm
|cm,i|
2.
Thus, {Λ∗mem,i}i∈Pm,m∈σ ∪ {Ω
∗
mem,i}i∈Pm,m∈σc is a Riesz basis for H. Hence, {Λm}m∈σ ∪ {Ωm}m∈σc
is a g-Riesz basis for H.
It is well known that the concept of ordinary Riesz basis and ordinary exact frames are equivalent.
But it was shown by Sun [5], an exact g-frame need not be same as g-Riesz basis. A g-Riesz basis
is always an exact g-frame but the converse is not true. However, Theorem 4.2 need not hold true
if we replace g-Riesz bases by exact g-frames. In the following example, we show the existence of
exact g-frames such that they are woven g-frames but the weaving is not always an exact g-frame.
Example 4.1. Let H be a separable Hilbert space with orthonormal basis {em}m∈N. Define Λm,Ωm :
H → C4 as
Λm(h) =


(〈h, e2〉, 〈h, e4〉, 〈h, e1〉, 0) if m = 1
(〈h, e2〉, 〈h, e4〉, 〈h, e3〉, 0) if m = 2
(〈h, e2〉, 〈h, e4〉, 〈h, e5〉, 〈h, e6〉) if m = 3
(〈h, em+3〉, 0, 0, 0) if m ≥ 4
Ωm(h) =


(〈h, e1〉, 〈h, e3〉, 〈h, e2〉, 0) if m = 1
(〈h, e1〉, 〈h, e3〉, 〈h, e4〉, 0) if m = 2
(〈h, e1〉, 〈h, e3〉, 〈h, e5〉, 〈h, e6〉) if m = 3
(〈h, em+3〉, 0, 0, 0) if m ≥ 4.
Then {Λm}m∈N and {Ωm}m∈N are exact g-frames for H w.r.t. C
4. Let σ ⊆ N be arbitrary. Then
‖f‖2 =
∑
m∈N
|〈f, em〉|
2
≤
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
≤ 3
∑
m∈N
|〈f, em〉|
2 = 3‖f‖2.
Thus, for any σ ⊆ N, {Λm}m∈σ ∪ {Ωm}m∈σc is a g-frame for H. Hence, {Λm}m∈N and {Ωm}m∈N
are woven g-frames.
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Now choose σ = {1, 2}. Then {Λm}m∈σ ∪ {Ωm}m∈σc is a g-frame for H and after removal of
Λ2, the resultant family {Λm}m∈σ\{2} ∪ {Ωm}m∈σc still forms a g-frame for H. Thus, {Λm}m∈σ ∪
{Ωm}m∈σc is not an exact g-frame for H.
Weaving generalized Riesz bases do not behave same as weaving ordinary Riesz bases. It was
proved by Cassazza et. al. [8] that a frame cannot be woven with a Riesz basis. However, this is
not true for generalized Riesz bases. Following example gives the existence of a g-frame which is
not a g-Riesz basis and a g-Riesz basis such that they are woven.
Example 4.2. Let H be any separable Hilbert space with orthonormal basis {ei,m}i∈N,m∈N. Define
the family of operators Λm,Ωm : H → ℓ
2(N) by
Λ2n−1(f) = Λ2n(f) = {〈f, en,m〉}m∈N
Ω2n−1(f) = {〈f, en,2m−1〉}m∈N n ∈ N
Ω2n(f) = {〈f, en,2m〉}m∈N.
For any f ∈ N, we have∑
m∈N
‖Λmf‖
2 = 2
∑
n∈N
‖{〈f, en,m〉}m∈N‖
2 = 2
∑
n∈N
∑
m∈N
|〈f, en,m〉|
2 = 2‖f‖2.
Therefore, {Λm}m∈N is a g-frame for H w.r.t. ℓ
2(N) but it is not an exact g-frame as {Λm}m∈N\{2}
is also a g-frame. Since a g-Riesz basis must be an exact g-frame, {Λm}m∈N is a g-frame but not a
g-Riesz basis for H.
Let {ei}i∈N be the canonical orthonormal basis for ℓ
2(N). Then
Ω∗m(ei) =

en,2i−1 if m = 2n− 1, n ∈ Nen,2i if m = 2n, n ∈ N.
Since {Ω∗mei}m∈N,i∈N = {ei,m}i∈N,m∈N is a Riesz basis for H being an orthonormal basis, {Ωm}m∈N
is a g-Riesz basis for H w.r.t. ℓ2(N).
For any σ ⊆ N and for any f ∈ H, we have
‖f‖2 =
∑
m∈N
∑
i∈N
|〈f, ei,m〉|
2
≤
∑
m∈σ
‖Λmf‖
2 +
∑
m∈σc
‖Ωmf‖
2
≤ 2
∑
m∈N
∑
i∈N
|〈f, ei,m〉|
2 = 2‖f‖2.
Hence, {Λm}m∈N and {Ωm}m∈N are woven g-frames for H, where {Ωm}m∈N is a g-Riesz basis and
{Λm}m∈N is not a g-Riesz basis.
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